layers. The side layers are characterized by fast fluid motion in the magnetic field direction as a result of the electromagnetic pumping in the vicinity of the Hartmann walls. Increasing the electrical conductivity of the Hartmann walls was seen to delay the onset of thermal convection, while retaining the above scaling at criticality. Furthermore, for both conducting and insulating Hartmann walls and the entire range of Ha numbers that was examined, there was no tendency for a well defined quasi two-dimensional structure to develop owing to the convective motion in the core. A connection is made between the above findings and previous experimental investigations indicating the onset of standing waves followed by travelling waves as Gr is further increased beyond its critical value.
Introduction
It is a well established fact that a magnetic field tends to eliminate the vorticity components that are perpendicular to it while leaving almost unaffected those that are aligned with it (Chandrasekhar 1961, Sommeria and Moreau 1982) . As a result, upon increasing the intensity of the magnetic field variations along its direction are suppressed and quasi two-dimensional structures emerge. As a concomitant effect of increasing the magnetic field intensity, thin vortical layers develop near channel walls that are aligned or perpendicular to the magnetic field. The latter are called Hartmann layers and are determined by the balance between viscous and Lorentz forces whereas the former are called side layers and are characterized by the balance between pressure and viscous forces (Buhler 1996 (Buhler , 1998 . Such structures have been reported in the literature of experimental magnetohydrodynamics both in the context of forced and free convection flows (Potherat et al 2000 (Potherat et al , 2005 . Furthermore, such quasi twodimensional structures persist in the turbulent flow regime and are considered as an intermediate state on the path towards three-dimensional turbulence as Reynolds/Grashof increases in forced/free convection flows for fixed large Hartmann numbers, in the manner proposed by Sommeria and Moreau (1982) .
In the context of Rayleigh-Bénard convection the flow arrangement in a rectangular box, that was heated from below in the presence of a strong magnetic field, was studied by Burr and Muller 2002 (referred to henceforth as BM for brevity). The onset of steady convection was registered as a function of Hartmann, Ha, as the heat flux and consequently the Grashof number was increased. Over a wide range of Hartmann numbers, 100 < Ha < 1000, preferential arrangement of the emerging recirculation rolls in the direction of the magnetic field was observed by monitoring the horizontal anisotropy coefficient. As Grashof increased beyond the threshold for stationary convection the onset of time dependent convection was captured that characterizes the flow pattern in the large Grashof or intermediate Hartmann regime. In fact, a maximum in the heat transfer rate was registered along the vertical direction in the parameter range corresponding to transient convection, that was attributed to the quasi two-dimensional arrangement of the recirculation rolls in the box. When the magnetic field is not strong enough to suppress fluctuations of the velocity and temperature fields but large enough to eliminate vortices that are not aligned with it, the intensity of fluctuation of the dominant remaining vortex increases the amount of heat convected from the bottom towards the top wall thus generating conditions for optimal heat transfer. This is an interesting dynamical aspect of the flow arrangement in the presence of a magnetic field that may lead to useful intensification of heat or mass transfer by controlling the orientation and intensity of the generated recirculation rolls. The threshold for the onset of thermal convection was obtained in the aforementioned study by employing the quasi 2d assumption for the emerging flow pattern. Finally, it should also be pointed out that turbulent fluctuations were reported at large Hatmann numbers in a range of Grashof numbers for which a large degree of nonisotropy was registered in the horizontal plane, thus indicating the onset of quasi 2d turbulence.
The stabilizing effect of the magnetic field is a recurring theme in studies of free convection flows. Its effect on the onset of standing and traveling wave instabilities has been addressed in various contexts including its importance, as Hartman increases, in establishing quasi 2D transient or turbulent flow structures. Transition from standing to traveling wave convection patterns in the 2D stability of a vertical layer of electrically conducting fluid in electrically insulating walls, was studied by Takashima (1994) for a wide range of Prandtl and Grashof numbers at selected Hartmann values, capturing the stabilizing effect of the transverse magnetic field. Three dimensional stability of buoyant flow in a horizontal channel with electrically insulating walls was studied by Lyubimov et al (2009) , subject to a longitudinal temperature gradient and vertical or transverse magnetic field. A standing wave mode was identified as the dominant instability and the stabilizing effect of the magnetic field was verified, especially as the width of the cross section was increased. The formation of Hartmann and side layers was also ascertained with increasing Hartmann number for the case of a horizontal magnetic field, whereas jet formation was registered at steady conditions when a vertical magnetic field was applied. More recently, the quasi 2D assumption has been employed in order to study the stability of free and mixed convection flows at large Hartmann values. Gelfgat and Molokov (2011) studied the stability of recirculation vortices when the magnetic field is perpendicular to the plane of circulation using the quasi 2D flow assumption, and showed the dependence of the stability pattern on the box aspect ratio and boundary conditions. Smolentsev et al (2012) studied the stability of the M-shaped profile in an upward flow in order to assess the relative importance of jet formation and the appearance of inflection points in the base flow velocity profile, in destabilizing the flow. In a subsequent study Vetcha et al (2013) examined the stability of upward mixed convection flow via the quasi 2d assumption and three-dimensional direct numerical simulations, in an effort to simulate flow arrangement in the poloidal ducts of the so called dual-coolant lead-lithium (DCLL) blanket, with satisfactory agreement; Smolentsev et al (2008) .
As is evident from the above, the above ideas are useful in understanding the dynamic phenomena that take place in ducts that carry liquid metals, as is the case in fusion reactor blankets. The latter are designed so that they consist of modules where liquid metal is circulated inside ducts, under the influence of the magnetic field generated in the plasma reactor. In the DCLL blanket concept Norajitra 2003, Smolentsev et al 2008) a liquid lead-lithium alloy is used for assisting heat transfer, along with separate helium cooling, besides breeding tritium. In this case forced convection dominates in the duct cross section and SiC inserts are employed in order to electrically insulate the side walls and consequently mitigate the intensity of jets that are generated near the side walls when their conductivity is very high. Such high speed jets curry most of the liquid metal in the duct and generate instabilities, Smolentsev et al (2012) and Vetcha et al (2013) , that result in increased mixing and excessive heating of the side walls.
In the helium-cooled lithium-lead blanket concept (HCLL) (Smolentsev et al 2010) , figure 1, heat is being transferred via helium that is circulated in pipes inside the blanket modules, while lead-lithium is used for breeding tritium in separate rectangular boxes. Liquid metal is pumped through these boxes at a very low speed but at the same time, and more importantly, flow takes place in the form of free convection as a result of the large neutronic heat load. It is of interest to ascertain the extent of convective heat transfer in such ducts in order to properly predict the combined heat transfer coefficient of a module consisting of pipes carrying helium and ducts where liquid metal is circulated. Such predictions are essential for assessing the heat load on the metallic walls of the pipes and cavities and consequently estimating their life cycle.
In this context the 3D stability of a liquid metal layer that rests in a box of rectangular cross section, subject to a large magnetic field and exposed to a thermal gradient that is opposite to the direction of gravity, is very important in establishing the flow pattern in the box as well as the mode by which heat is being transferred. Based on estimates of the parameters pertaining to the operation of the liquid metal carrying/breeding boxes that are employed in the HCLL blanket, the Hartmann (Ha) and Grashof (Gr) numbers will be in the range of 20 000 and 5 × 10 9 , respectively. The large value of Gr is a result of the intense neutronic heat load that is anticipated to arise in large fusion reactors like ITER (Buhler and Norajitra 2003 , Kharitsa et al 2004 , Smolentsev et al 2010 . Early attempts to model the flow conditions in the blanket boxes where liquid metal is circulated (Kharitsa et al 2004; BM) assume a quasi two-dimensional flow arrangement in the cavity with well established Hartmann and side walls. This approximation is based on asymptotic estimates for the scaling of inertia in buoyant magnetohydrodynamic convection in ducts (Buhler 1998) , i.e. inertia is neglected as long as Gr ≪ Ha 5/2 , with well defined Hartmann and side layers. Substituting the above estimates for fusion reactors Gr/Ha 5/2 ∼ 0.5. Therefore it is of interest to establish the scaling for the onset of convective effects in such cavities. The experimental study reported by BM is an attempt in this direction where instead of a volumetric heat load the temperature gradient that sets the Grashof number is established via a constant heat flux that is applied at the bottom horizontal wall.
As was stressed above, the electrical conductivity of the walls is expected to play an important role in the dynamics and heat transfer of this flow arrangement. The present study aims at addressing this particular issue by identifying the structure of the dominant eigensolution for free convection dominated flow in one box, along with the scaling of the critical Grashof number, Gr Cr , as a function of Ha and electrical wall conductivities, in the context of linear stability analysis. In particular, the validity of the hypothesis that the emerging steady convection pattern assumes a quasi 2D structure with well defined Hartmann and side layers will be examined as the electrical conductivity of the Hartmann walls varies. Flow is assumed to take place only as a result of free convection while periodicity is assumed in the direction perpendicular to the plane defined by the magnetic field and gravitational acceleration.
In the next section, the full problem formulation is presented as well as the linearized form allowing for three dimensional disturbances. In section 3 the finite element formulation for the stability problem is presented. Emphasis is placed on the discretization of the equation governing variations of the electric potential and the inclusion of the boundary conditions at the four cavity walls with the thin wall approximation. Domain decomposition is performed along the longer one among the cavity cross-section sides, in order to facilitate parallel computation of the eigenvalues and eigenvectors via the Arnoldi method. Benchmark calculations are presented in section 3.1 in order to recover available results in the absence of Lorentz forces. In section 4.1 an asymptotic analysis is presented in order to obtain the proper scaling of the instability as well as order of magnitude estimates of the main flow variables. Subsequently, in section 4.2 the results of the numerical investigation are presented in terms of the scaling of Gr Cr with Ha and the resulting structure of the eigenvector at criticality. The intensity of the emerging recirculating rolls is calculated and the vorticity distribution alongside the magnetic field lines and perpendicular to them is presented in order to capture the onset of Hartmann and side layers. Emphasis is placed on the effect of the electrical conductivity of the vertical, c H , and horizontal, c S , walls in determining the structure of the emerging flow pattern. Finally in section 5 useful conclusions are drawn pertaining to the validity of the quasi 2D assumption in the stability of free convection flows in cavities at moderate to large Ha, 100 < Ha < 2000. Furthermore, the repercussions of such flow arrangements on heat transfer intensification are considered in the context of available experimental investigations, along with potential applications in the optimal design of blanket modules of fusion reactors.
Problem statement
We are interested in studying the three-dimensional stability of a liquid metal layer of thickness h that rests in a box of rectangular cross section, figure 2. The liquid metal layer is exposed to a strong external magnetic field that is aligned with the long direction of the cross section. A negative temperature gradient, 2ΔT, is imposed between the bottom and top horizontal walls that are maintained at different but fixed temperatures, figure 2; ΔT = (T b − T t )/2. Stability analysis is expected to provide the waves that will evolve into the standing wave arrangement, see figure 2, discussed by BM.
In this context, quiescent flow conditions prevail in the base flow configuration with a linear temperature profile being established between the two horizontal walls as a result of heat conduction: 
y′ measures distances from the bottom horizontal wall along the direction perpendicular to it that is co-linear with gravity, ⃗ = − ⃗ g ge y . Adopting the Boussinesq approximation for density variations,
Av Av which holds whenever temperature variations in the fluid satisfy the condition βΔΤ ≪ 1, with β the thermal expansion coefficient of the operating fluid, the pressure distribution in the static base flow arrangement reads as
It is of interest to study the effect of Lorentz forces on the instability pattern of a heated layer of liquid metal, i.e. an electrically conducting fluid, in the presence of a magnetic field of increasing intensity. To this end, we introduce a uniform horizontal magnetic field of intensity B that is aligned with the long direction, x, of the layer cross section, ⃗ = ⃗ B Be x . The length scales of the layer and physical constants of the operating fluid are taken to match those employed in the experimental study by BM, with stainless steel plates forming the Hartmann walls, electrical conductivity σ ≈ 1.37 × 10 6 Ω −1 m −1 , copper plates forming the side walls, electrical conductivity σ ≈ 5.7 × 10 7 Ω −1 m −1 , and a eutectic sodium potassium alloy, Na , denoting the magnetic diffusivity of lithium is a very small quantity, the magnetic induction is negligible and we operate in the low Re m regime. With the onset of free convection an electric current density is generated according to Ohm's law, velocity field, and consequently the Lorentz force is exerted per unit volume of the flowing liquid metal, ⃗ = ⃗ ′ × ⃗ f j B. Finally, in the absence of any electric sources continuity of electric current is satisfied:
Electric current conservation is coupled with continuity and the momentum and heat balances to provide the description of free convection as a result of the interplay between viscous and electromagnetic forces and buoyancy. Introducing characteristic scales for length, time, velocity and pressure based on the layer thickness and buoyant forces, 5 ) while scaling temperature and electric potential via the imposed temperature gradient and the magnetic field effects, respectively, 
The no slip and no penetration boundary conditions are imposed on the horizontal and vertical walls of the box, the temperature is fixed at the top and bottom walls while the vertical walls are taken to be thermally insulated:
As regards conduction of electric current in the box walls the thin wall approximation is adopted (Walker 1981) ,
11 ) 
with n signifying the direction normal to the wall pointing outside the box and  s 2 the 2d Laplacian operator defined on each one of the walls. Dimensionless parameters c S and c H express the intensity of conduction of electric current at the walls in comparison with the liquid metal forming the layer; subscripts s and H denote the side and Hartmann walls and identify the walls that lie parallel and perpendicular to the magnetic field, respectively. Finally periodicity is assumed along the longitudinal direction of the layer: .12) where ℓ denotes the period along the longitudinal direction, z, to be determined via the ensuing linear stability analysis. Consequently, the considered geometry does not correspond to a cavity, strictly speaking, nor to a duct. Therefore, in the interest of brevity, we will refer to it as a layer, or a box with imposed periodicity in the z direction. When a solution that is symmetric with respect to the y axis is sought for, the domain along the x axis ranges from 0 to A/2, in which case symmetry conditions are imposed at x = A/2:
The following dimensionless quantities govern the dynamics of the flow arrangement under consideration: where α = k/(ρc p ) is the thermal diffusivity of the liquid metal, A the aspect ratio of the cross section and t St , t Co the thicknesses of the stainless steel and copper walls of the box, respectively. Besides its fundamental importance in studying the role of magnetic field intensity and wall electrical conductivity in determining the layer stability, the above setup is intended to simulate as close as possible the flow arrangement studied experimentally by BM.
Linear stability analysis
We want to examine the stability, of the static flow arrangement characterized by pure heat conduction as described by equations (1.1)-(1.3), which in dimensionless form, read:
We are looking for a three-dimensional flow pattern that satisfies the formulation outlined in equations (1.6)-(1.12) and constitutes a small perturbation on the static flow arrangement in equation (1.15). Consequently we assume the standard form: with Ω = ω r + iω i signifying the complex growth rate while k = 2π/ℓ denotes the wavenumber of the disturbance. Substituting the above anzatz into equations (1.6)-(1.12) we obtain the linear stability formulation of the problem:
The above formulation constitutes an eigenvalue problem in the complex growth rate ω as a function of wavenumber k and the relevant dimensionless parameters identified in equation (1.14), with ⃗ Θ ϕ u p , ,
forming the eigenvector that contains the necessary information pertaining to the nature of the emerging flow pattern.
Numerical methodology
The eigenvalues and eigenvectors of the above linearized problem are calculated by discretizing the perturbation quantities involved in equations (1.17)-(1.22) with the finite element methodology. The usual biquadratic basis functions, Φ i (x,y), are employed for the description of all the unknown quantities except for the pressure for which the bilinear basis functions, Ψ i (x,y), are used (Pelekasis 2006, Dimopoulos and Pelekasis 2012) : Ν, Μ denote the total number of unknowns pertaining to the biquadratic and bilinear basis functions, respectively, and subscript i denotes the corresponding values at the nodes of the two-dimensional mesh spanning the cross section. Subsequently, the standard Galerkin with B, J signifying the mass and Jacobian matrices, respectively, and x 0j , x 1j the base solution and eigenvector, respectively. The eigenvalue ω can be real or complex signifying, when its real part becomes positive, the onset of monotonically or periodically growing waves which, upon saturation, will evolve into standing or traveling waves. The eigenvalue problem is solved via the Arnoldi method (Saad 2003) that is employed on a Cayley transform (Cliffe et al 1993) of equation (2.2):
Consequently, instead of the original problem described by equation (2.2) the eigenvalue problem furnishing the largest eigenvalues τ = 1/(ω − σ) is solved via the Arnoldi method, with σ a parameter that affords selection of a specific portion of the spectrum located in the vicinity of value σ. In particular, Hopf bifurcations can be detected, indicating the onset of traveling waves in the context of the present study, by setting σ to a certain imaginary value.
Inversion of the Jacobian matrix in equation (2.3) constitutes the most time consuming part of the computation, whereas storing of the Jacobian matrix J determines the dominant storage requirement of the algorithm. In order to optimize calculations use is made of the banded nature of the Jacobian and mass matrices J and B in conjunction with the large aspect ratio A = L/h of the box cross section. Thus, the Jacobian matrix is stored in a piecemeal fashion in a distributed memory environment with each separate memory segment storing a section of the matrix corresponding to a certain segment of the x axis. This entails the entire column of elements along the y direction based on the segment along the x axis. The actual inversion process was performed in the framework provided by the ScaLAPACK software library (Blackford et al 1997) . In the absence of any strong convective effects we do not employ any stabilization scheme on the MHD formulation (Planas et al 2011) .
Code validation
In order to ascertain the validity of the above methodology we first investigated the stability of a fluid layer resting between two horizontal plates in the absence of a magnetic field, in which case we expect to recover the classic Rayleigh-Benárd stability threshold. A neutral stability search was conducted by setting Ha = 0 and calculating the stability threshold, Gr Cr ; the Prandtl number is set to 0.02. In this context, Gr Cr ≈ 42 900, the critical eigenvector was obtained for k Cr = 0 and was characterized by 10 waves along the x direction corresponding to a dimensionless horizontal wavelength of 2D waves on the order of λ Cr ≈ Α/10. Since the aspect ratio of the box cross section is set to A = 20 pertaining to the experiments by BM, the dimensional wavelength of the emerging unstable mode is λ Cr '≈2 h. Table 1 provides convergence data as well as CPU times upon increasing the number of processors involved in the calculation of Gr Cr as Ha increases. A mesh of 40 × 20, 60 × 30 and 80 × 40 elements was employed whereas the search for Gr Cr was performed with an increment ΔGr = 100. It should be stressed that, based on the analytical solution by Reid and Harris (1958), the marginal stability of the classic Bénard problem when Ha = 0, is obtained whenˆ= Ra 1708
Cr and corresponds to a wavelength of 2.016 h; = ⋅ Ra Gr Pr. In the latter studyˆRa Gr , are defined via the temperature difference between the top and bottom horizontal plates whereas in the present study ΔΤ is half the temperature difference between the same two plates. Consequently,ˆ= Gr Gr
Cr Cr Cr as well. As Ha increases and the Lorentz force effect becomes more pronounced Gr Cr also increases while the critical wavenumber shifts towards three-dimensional waves with k Cr ≈ 3 corresponding to a dimensionless wavelength λ Cr ≈ 2, i.e. twice the layer thickness.
The geometric and physical constants that are used in the above benchmark tests as well as in the simulations to be presented in the following with Ha ≠ 0, are taken from the experimental study by BM. Hence, the aspect ratio of the box cross section is taken to be A = 20 with h = 20 mm and the physical properties of the sodium potassium alloy Na 22 K 78 are introduced in order to determine Gr, Ha and Pr. Pr is a material property, hence it is set to 0.02, whereas Gr and Ha also depend on the operating conditions, i.e. the temperature difference between the top and bottom walls and the intensity of the applied magnetic field. Following the above experimental study Ha may vary between 100 and 1000 and Gr Cr ensues based on the linear stability analysis results. The latter is a parameter that affords comparison with the experimental observations and the available stability analysis results. Finally, in the aforementioned experimental study the conductivity ratios of the Hartmann and side walls, based on the electric conductivities and thicknesses of the containing wall and operating medium, are c H = 0.004 15 and c S = 4.5.
Figures 3(a)-(c) portray the temperature eigenvector along with the Ω x and
2 components of the vorticity eigenvector at criticality; Gr Cr ≈ 53 000, k Cr ≈ 3, when Ha = 100. The secondary flow is characterized by a single standing recirculation roll whose vorticity is predominantly aligned with the direction of the magnetic field; figure 3(a) illustrates this behaviour in the temperature eigenvector. Furthermore, x vorticity dominates over the other two vorticity components, as illustrated in figures 3(b), (c), except for the region near the two Hartmann walls where Hartmann layers are formed with significant variation of the y velocity in the x direction. The above structure persists as the mesh is diluted to 60 × 30 or refined to 140 × 70 bi-quadratic elements in the x and y directions, respectively. It should also be stressed that, as Ha increases, simulations are performed incorporating symmetry conditions with respect to the x = A/2 plane, in order to increase the accuracy of the calculations. Figures 3(d) , ( provided in equation (1.15). This is a well justified approach since in all cases considered the dominant eigenmode at criticality is symmetric with respect to the x = A/2 plane.
Results and discussion
In this section an extensive parametric study is performed in order to examine the neutral stability characteristics of the Rayleigh-Bénard instability as Ha increases. The structure of the emerging eigenvector is of interest. In particular, the scaling of Gr Cr with Ha is sought in conjunction with the associated dominant force balance that produces it, and the possibility for Hartmann and side layers to develop in this limit is investigated. The effect of wall conductivity in determining the stability is examined by parametrically varying the electrical conductivity of Hartmann and side walls. The neutral stability data provided in the following were mostly obtained with a mesh of 110 × 55 biquadratic elements along the x and y directions. Numerical convergence was ascertained with a mesh of 140 × 70 biquadratic elements in our local cluster of 16 processors. The eigenvectors presented in the following subsections were obtained at criticality, i.e. when Gr = Gr Cr . Throughout the parametric study that was conducted no complex eigenvalues were detected and the symmetric eigenmode dominated the stability of the box, signifying the onset of a standing wave type flow arrangement upon saturation.
Asymptotic behavior as Ha increases
Before we proceed with the presentation of the results of the numerical stability analysis, it will be useful to obtain an order of magnitude estimate of the emerging flow arrangement at criticality in the limit Ha ≫ 1. Anticipating standing waves to dominate the neutral stability regime, based on the available measurements by BM, the growth rate ω is set to zero and the velocity is rescaled to reflect the balance between the Lorentz force and buoyancy
The rest of the problem variables whose scaling involves the characteristic velocity are rescaled accordingly: with capital letters denoting rescaled variables. Temperature and pressure are not rescaled since they are determined by the temperature difference between the two horizontal walls.
Upon substitution in equations (1.17)-(1.22) the stability formulation reads at criticality: 
the boundary conditions are not affected by the rescaling and they retain the form prescribed by equations (1.10)-(1.13). In the following, subscript 1 identifies the linearized part of the variables and is dropped for convenience. Convective effects survive in the energy balance in this limit and will be seen in the following that, for perfectly conducting walls, play an important role in setting up the vorticity distribution in the bulk of the box. Inertia effects are O(1/Ha 2 ) in this limit but drop out of the momentum balance of linear stability, in the absence of any base flow. With the above rescaling Lorentz and buoyancy forces balance each other in y momentum. Furthermore, since it is a thermal instability that produces the convective motion, in order for any appreciable temperature difference to appear in the box heat diffusion should balance convection in the energy conservation equation (3.6). Consequently, we anticipate that Gr Cr Pr = Ra Cr ∼ Ha 2 at criticality, which provides the relevant scaling for the convective instability to arise in the flow arrangement under consideration. It is in this limit that the characteristic velocity
remains on the same order of magnitude for fixed operating liquid metal and fixed layer thickness. Τhe above scaling of Ra Cr ∼ Ha 2 was also identified as the dominant balance for the onset of buoyancy driven convection in a cylindrical shell with electrically insulating walls in the presence of a magnetic field by Davoust et al (1999) .
In this context as Ha increases a core region develops where buoyancy balances Lorentz forces and viscous effects can be neglected. It is however important to ascertain under what conditions the flow will assume a quasi two-dimensional structure in the core region where the vorticity vector is more or less aligned with the magnetic field, i.e. along x direction, and exhibits negligible variationalong magnetic field lines, while the y and z vorticity components remain subdominant. To this end, and adopting a similar approach as the one presented by Buhler (1998) , we introduce the vorticity vector Ω   by taking the cross product of equations (3.3)-(3.5): with Φ denoting the value of the electric potential at the Hartmann walls. Therefore, generation of x vorticity in the core is governed by the upward fluid motion due to buoyancy and is modulated by the electric current motion in the Hartmann layers depending on their electrical conductivity. Based on x momentum there is no pressure drop in the core as Ha → ∞ and the x component of velocity will be very small to leading order. Based on continuity and the y and z momentum equations, V and W dominate in the core corresponding to a recirculation pattern that is aligned with the magnetic field, while the other two components of vorticity remain subdominant. The relative importance of the two terms on the right hand side of equation (3.11) will determine the degree of two dimensionality of the x-vorticity of the flow.
The flow arrangement in the Hartmann layer is determined by the balance between magnetic and viscous forces in y momentum, thus generating a layer of thickness on the order of Ha In the above Ω Ηx and J Hx denote the viscous corrections of x vorticity and the x component of electric current, X is the stretched wall normal coordinate inside the Hartmann layer, whose order of magnitude varies depending on the conductivity of the Hartmann walls. Thus, substituting in the vorticity equation (3.9) we obtain Upon substitution in (3.10) the value of the electric potential at the wall can be calculated and through it the x-vorticity component distribution in the bulk of the liquid metal layer: Coupling of equation (3.16) with (3.10) provides the electric potential in the box with a maximum in the Hartmann layer region for insulating walls, Φ ∼ Ηα, or in the core region when they are highly conducting, Φ ∼ Ο(1). Furthermore, coupling with the solution in the side layer provides the electric potential at the Hartmann wall in the form of a quadratic profile that vanishes at the side walls. Equation (3.17) clearly illustrates the importance of wall conductivity in determining the Hartmann braking effect and its role in establishing the flow arrangement inside the box. To this end it will be useful to note that the vertical and transverse velocity components in the core read:
Next, upon taking the divergence of y and z momentum, equations (3.4) and (3.5), pressure variations in the vertical plane are associated with temperature gradients in the box: . On the other hand when the Hartmann walls are highly conducting the transverse velocity V is on the order of 1/ c H , a Hartmann layer of very weak vorticity is formed in their vicinity and calculations can proceed to quite large Ha values without loss of accuracy. Similar arguments hold for the velocity component parallel to the side walls when they are highly conducting. The above aspects of the flow are corroborated by numerical findings in the present study.
Variation of x vorticity along the magnetic field lines, in the fashion prescribed by equation (3.17), bears significance on the validity of the assumption of quasi 2D flow arrangement inside the box. When the Hartmann walls are highly conducting both terms on the right-hand side of equation (3.17) are O(1) as Hartmann increases. Consequently, the volume integral of thermally induced vertical motion in the box is equally important with the surface gradient of the electric potential and x vorticity varies significantly along the magnetic field lines. In the vicinity of Hartmann walls their conductivity c H determines the local electric currents leading to a transverse velocity that is much smaller than its value in the bulk, in which case the volume integral dominates. When poor conducting Hartmann walls are considered, c H ≈ 0, strong electric potential gradients form within the Hartmann layers with the combined conductivity determined by Ha −1 . Consequently, x-vorticity is O(Ha) in the vicinity of the Hartmann walls but transverse velocity V is also O(Ha) in this case throughout .17) is equally important as the Hartmann braking effect within the Hartmann layers and x-vorticity exhibits significant variation along the magnetic field lines. Heat being transferred by convection in the core determines the vorticity component in the x direction and the flow in the box is essentially three dimensional. Consequently, the quasi 2D assumption is not applicable at the onset of thermal convection in the presence of a strong magnetic field, in which case Ra ∼ Ha 2 . Simulations presented in subsequent sections confirm this behavior but also illustrate the central role played by discrepancies in the electrical conductivities of the Hartmann and side walls, οn the structure of the emerging flow pattern as well as the onset of high velocity jets in the box side layers.
It should also be stressed that in the case of insulating walls more intense electric currents, J x , J Hx ∼ O(1), develop within the bulk of the flow (equation (3.15) ) and the Hartmann layers (equation (3.14) ) as the intensity of the magnetic field is raised. In the same context of poor Hartmann wall conductivity electric currents along the y and z directions remain O(Ha) in order to satisfy continuity of electric current in the Hartmann layers. These currents are associated with large electric potential gradients leading to O(Ha) transverse and spanwise velocities. As will be seen in the results and discussion section, this motion is complemented by strong side wall velocities at the box corners in order to satisfy mass continuity. The above described pattern constitutes the magneto-hydrodynamic pumping effect. Finally, the electric currents along the x, y and z directions in the Hartmann layers are of the same order of magnitute in Ha as in the bulk of the flow hence electric currents need to go into the Hartmann layers before they turn to reach the side walls. On the contrary, when conducting Hartmann walls are considered, c H ≫ Ha −1 , the y and z components of the electric current are O(1) in the bulk of the box except in the vicinity of the Hartmann layers where they are very small O(1/ c H ). The x component of the electric current is O(1) in the core, equation (3.10), and remains very small, O(Ha −1 ), within the Hartmann layers in order to balance electric currents in the transverse and spanwise directions. Consequently the electric current loops remain O(1) and close within the core region in this case, considering that side walls are taken to be highly conductive at all cases in the present study.
The flow arrangement is completed by the analysis of the region located near the side walls of the box. In this case, coupling of the linearized x vorticity equation (3.9) with the charge conservation equation (3.7b) in the limit as Ha → ∞, provides the following dominant balance in the vicinity of the two side walls:
along with the scaling, Δ = Ηa −1/2 , of the rapidly varying part of the electric potential, Φ S , inside the bottom side layer. Consequently, U = O(Ha) so that continuity is satisfied near the corner region as fluid rises up from the Hartmann layers. Thus, the x velocity acquires large values in this region where pressure driven flow exists such as ∂ ∂ = P x O (1) from xmomentum (equation (3.3) ), while the box acts as a magnetohydrodynamic pump generating an O(Ha 1/2 ) flow rate, UΔ, within the side layers in the direction of the magnetic field. This flow pattern develops in parallel to the circulatory motion in the core and has the potential to interact with it, in which case it constitutes an active side layer. The analysis by Buhler (1998) of free convection MHD flow in cavities anticipated formation of high speed jets even when both Hartmann and side walls are perfectly conducting. However, as will also be seen in the next sections, in the present study we only obtain side layer formation accompanied by significant side wall motion when the Hartmann walls are poorly conducting, in agreement with older studies of pressure driven flow in ducts (Walker 1981) .
Numerical investigation of neutral stability as Ha increases
An extensive numerical investigation was carried out in order to obtain the neutral stability of the box. As illustrated in figures 6(a), (b) showing the neutral stability curve for insulating, c H = 0.004 15, and conducting, c H = 4.5, Hartmann walls, respectively, the critical value of Gr scales like Ha 2 with increasing Hartmann number, signifying the balance between buoyancy and Lorentz forces. No complex eigenvalues were detected at or beyond criticality. Consequently all the unstable eigenmodes correspond to the onset of standing periodic waves. As can be gleaned from figure 4(a) the experimental results pertaining to criticality also obey this scaling. In fact, this pattern, i.e. Gr Cr ∼ Ha 2 , persists even when the Hartmann walls are equally conducting as the side walls, c H = c S = 4.5, as illustrated by figure 4(b) . However, discrepancies in the electrical conductivities of the Hartmann and side walls bears significance in the nature of the dominant eigenvector at criticality. As was pointed out by the asymptotic analysis and will be verified by numerical calculations of the dominant eigenvectors the combined conductivity of the Hartmann walls and Hartmann layers, c H + Ha −1 , controls the strength of the vortical motion within the Hartmann layers. Furthermore, owing to the intensity of the buoyant motion in the core at criticality, appreciable variations of x-vorticity are developed along the direction of the magnetic field thus rendering the flow three dimensional. A detailed presentation of the eigenvectors at criticality follows.
Since we are interested in the neutral stability of the box as Hartmann increases, all the variables that contain velocity in their characteristic scale are rescaled in order to introduce
2 . Consequently, the numerically obtained dimensionless eigenvectors of,
are rescaled as indicated by equation (3.2), 21) where the scaling at criticality, Gr Cr ∼ Ha 2 , has been introduced. Furthermore, in order to normalize the eigenvectors and investigate the intensity and asymptotic behavior of the convective motion as Ha increases, all eigenvectors are scaled so that T(x = A/2, y = 0.5) = 1.
It was seen that for a wide range of Hartmann numbers, 0 < Ha ⩽ 1000, the critical wavenumber is k Cr ≈ 3 which corresponds to a wavelength that is on the order of twice the box thickness, λ Cr = 2π/k Cr ≈ 2 → λ′ Cr ≈ 2 h. It is on the same order as the wavelength in the absence of Lorentz forces with the difference that now the emerging recirculation vortices are mainly aligned with the magnetic field and Ω x is the dominant vorticity component in the core both for insulating and conducting Hartmann walls. As shown in table 2 the critical wavenumber tends to increase with increasing intensity of the magnetic field, contrary to the findings by BM where a maximum was observed in the wavelength of the convective motion as Ha increased. In a recent numerical study by Lyubimov et al (2009) a trend for increasing wave-number with Ha was also captured when the magnetic field direction was perpendicular to the imposed temperature gradient. The results presented herein conform with the pattern of generation of vortices that are elongated along the magnetic field lines and that progressively become thinner with increasing Ha. In fact, a similar conclusion is reached based on an energy stability analysis (Davidson 2001) , in terms of Gr Cr scaling and wavelength dependence on Hartmann number, for strictly two-dimensional Rayleigh-Bénard convection in the presence of a magnetic field, neglecting Hartmann and side wall effects.
Figures 5(a), (b) show the variation of the transverse, i.e. y velocity, component in the direction of the magnetic field lines, as obtained at criticality with a gradual mesh refinement for the case with Ha = 100, figure 5(a), and by varying Ha for fixed mesh, figure 5(b) . Clearly there is a gradual formation of a Hartmann layer when Ha ⩾ 25. As Ha increases, Ha ≫ 100, it progressively becomes more difficult to capture the details of the y velocity near the Hartmann walls owing to the vortical layer that is formed in that region. As a result the error in capturing the Hartmann braking effect increases and the discrepancy between numerical calculation of neutral stability becomes evident, figure 5(a) . However, the effect of the volume integral dominates and the Gr vs arrangement. Formation of a Hartmann layer is illustrated in figures 7(e), (f), (g), that zoom in near the left side of the box, where vorticity has to drop down to zero at the Hartmann walls. Figure 7 (h) provides a three-dimensional representation of x vorticity at criticality when Ha = 400, illustrating an array of four pairs of counter rotating vortices that emerge when a large enough temperature gradient is achieved for fixed magnetic field and operating liquid. Within one period of the standing wave it assumes the form of two counter-rotating vortices that are aligned with the magnetic field. Warm and cold patches of fluid are situated on opposite ends of each vortex causing ascending and descending fluid motion respectively. The above flow arrangement is also reflected in the evolution of the electric potential with Ha, figures 8(a)-(d), which exhibits negligible variation near the two side walls, as expected owing to their large conductivity ratio, while varying in the region occupied by the Hartmann layers indicating the tendency of electric currents to enter that region. The latter is a manifestation of the poor conductivity ratio of the Hartmann walls, where a quadratic variation is established as Ha increases, in agreement with equation (3.16). The O(Ha) growth of the electric potential in the Hartmann layers is also captured in the panel sequence shown in figure 8 . The activity in the Hartmann layer generates significant Lorentz forces, ⃗ × ⃗ = ⃗ × ⃗ J B J e e z z y , and is responsible for maintaining a large transverse velocity, V, in the region near the Hartmann walls in a manner that can be identified as electromagnetic pumping (Davidson 2001) . Figure 9 (a) shows the uniformity of electric current in the core region as well as charge motion along and perpendicular to the Hartmann layers near the two corner regions when Ha = 25, in which case the Hartmann layer is first observed; see also figure 5(b). The electric current loops have to go through the Hartmann layers before they close, as illustrated in figure 9(a) , and the details of the flow in these regions are essential for portraying the electric current motion in the xy plane. Figure 9 (b) provides a snapshot of the electric current loop on a Hartmann wall indicating closure of the current paths away from the highly conducting side walls at Y = 0, 1, in the core region and at the center of the recirculation vortices. , as the Hartmann wall is approached, as opposed to the Ω yz ∼ O(Ha) scaling in the core region. As Ha increases figures 10(b)-(e) also illustrate the gradual extension of the side layer region to occupy more space along the side walls and into the box. It should be stressed however that, while coexisting with the main recirculation pattern in the core, as the flow in the side layer region develops with increasing Ha (see figures 10(b)-(e)) it intensifies and tends to occupy the entire side layer region. This aspect of box flow, including the electromagnetic pumping effect, was also recognized by Buhler (1998) and needs to be further examined in a future study, in the context of nonlinear analysis.
When conducting Hartmann walls are employed, c S = c H , the scaling Gr Cr ∼ Ha 2 at criticality persists but the flow arrangement differs, in the sense that the Hartmann and side layer structure normally expected at high Ha is not recovered and numerical results were obtained without particular difficulty until Ha = 2000. Owing to the large electrical conductivity of the Hartmann walls, x-vorticity and the transverse velocity V remain O(1) within both the core and Hartmann layer regions, see also equations (3.17) and (3.18a). As a result, no argument can be made regarding the quasi two-dimensional structure of the flow, which exhibits three-dimensional variations. Furthermore, electric currents in the vicinity of both Hartmann and side walls are negligible and the electric current loops close within the core region. This is in accordance with the analysis presented in subsection 4.1 indicating the significant reduction in y velocity in the vicinity of highly conducting Hartmann walls. This type of flow arrangement is distinctly different from the one outlined for insulating Hartmann walls and this is a critical aspect in assessing the heat transfer capabilities of the box when large magnetic fields are present. regions is significantly smaller. Cross examination of figures 11 and 12 reveals the tendency for x-vorticity to be damped as the electric potential variation is diminished near the Hartmann walls. Ω yz vorticity is fully subdominant to x-vorticity in the entire cross section of the box. In fact, as Ha increases the Ωyz vorticity does not exhibit any dependence on Ha, as illustrated by figures 13(a)-(d), especially near the Hartmann wall where the establishment of an O(Ha −1 ) Hartmann layer would generate large vorticity.
Conclusions
An extensive numerical study was conducted of the Rayleigh-Bénard stability in a rectangular box, in the presence of a strong magnetic field, using the finite element methodology and the Arnoldi method for obtaining the dominant eigenvalues and corresponding eigenvectors. An asymptotic analysis was also performed in the limit as Ha → ∞ in order to assist the interpretation of the numerical results and provide a clearer picture of the emerging flow arrangement at criticality. Emphasis was placed in the scaling between Gr and Ha at criticality and the effect of wall electrical conductivity on the structure and strength of the emerging convective motion. In this context, the scaling of Gr versus Ha at criticality was recovered and was seen to obey a quadratic relation, Gr Cr ∼ Ha 2 , reflecting the balance between buoyancy and Lorentz forces. This scaling is in agreement with the measurements by BM and conforms with previous studies (Davoust et al 1999) examining the onset of thermally induced convection in a strong magnetic field. The thermal convection that arises is always characterized by a real unstable eigenvalue that is expected to evolve in to a standing wave upon saturation. No complex eigenvalues were detected throughout the parameter search that was performed. The flow arrangement is mainly characterized by a circulatory motion occupying the core as a result of the developing thermal gradients. The orientation of the main vortex is determined by the direction of the magnetic field lines and this tendency becomes more pronounced as the Hartmann number increases. Furthermore, the wavelength of the convective motion is initially twice the box thickness, but as Ha increases it decreases. The side walls are taken to be significantly more electrically conducting than the operating fluid, c S = 4.5, whereas the cases with poor conducting, c H = 0.00415, and highly conducting, c H = 4.5, Hartmann walls were examined. The combined Hartmann wall and Hartmann layer conductivity, c H + Ha −1 , is a key parameter in the flow arrangement of the unstable eigenmode. It determines the distribution of x-vorticity in the box and through it determines the distribution of electric potential along the Hartmann walls and ultimately the extent of the Hartmann braking effect. In fact, when the Hartmann walls are highly conducting the electric potential variation is minimal along both Hartmann and side walls, the transverse velocity remains O(1) as Ha increases and the flow is stabilized without, however, affecting the scaling of Gr Cr that remains on the order of Ha 2 . Development of Hartmann and side layers is delayed and computations can be extended to larger Hartmann numbers; see also figures 11-13.
For both types of Hartmann walls, flow arrangement in the core corresponding to the dominant eigenvector was seen to stand off the quasi two-dimensional structure, in the sense that x-vorticity variations of the same magnitude are exhibited along the magnetic field direction in both the core and Hartmann layer regions. The latter effect is due to the importance of the integral properties of convective heat transfer throughout the box. In the case of poor conducting Hartmann walls, well defined Hartmann and side layers attached to the Hartmann and side walls of the box, respectively, are captured. The O(Ha −1 ) and O(Ha −1/2 ) scaling of the thickness of the Hartmann and side layers is obtained asymptotically and recovered by the numerical results. The flow in the box assumes the form of a periodic array of vortices that become elongated in the direction of the magnetic field but, at the same time, grow thinner as Ha increases. The electric current generated by the core motion has to enter the Hartmann layers where large transverse velocity gradients and electric currents arise as a result of the poor conductivity of the Hartmann walls. Furthermore, contrary to the case with highly conducting Hartmann walls, a strong convective motion arises with the transverse velocity component V ∼ O(Ha) at criticality. Strong vortical layers are generated adjacent to the Hartmann walls where vorticity has to gradually decay to zero at the wall. This arrangement has to match the side layer region where vanishing electric currents exist owing to the high conductivity of the side walls. Thus corner layers, on the order of the Hartmann layer thickness (Walker 1981) , arise in order to facilitate this process, figure 11(a) . This sequence of events, i.e. vorticity generation in the core leading to large transverse velocities and electric currents in the Hartmann layers, followed by large x-velocities in the side layers, constitutes a 'secondary' motion that is analogous to the action of a hydromagnetic pump pushing fluid as a result of Lorentz forces in the Hartmann layer. The above flow structure, especially when large discrepancies exist in the conductivities of the Hartmann and side walls, is quite useful in interpreting the experimental observations by BM both in terms of the scaling at criticality but also in order to understand the onset of time dependent secondary instability reported in the latter study. Especially as there were no complex eigenvalues detected in the present study, the onset of time dependent motion can only be viewed as a secondary instability of the flow arrangement produced by the thermal instability examined here. In this context, it should be pointed out that inertia terms in the rescaled momentum balance provided by equations (3.3)-(3.5) at criticality, i.e. Gr ∼ Ha 2 , are O(1/Ha 2 ). They drop out from the formulation in the present study since there is no motion in the base flow, ⃗ = u 0 0 . However, as soon as thermal instability sets in, especially when poor conducting Hartmann walls are considered, strong convective effects arise with O(Ha) transverse, V, and spanwise, W, velocity components determining the strength of the circulatory motion in the core of the box. Consequently, right after criticality y momentum contains inertia terms like ∂ ∂ Ha V V y (1 ) 2 that become O(1). As a result inertia effects may be equally important with buoyancy that drives the thermal instability and should be considered in studying secondary instabilities and transition to turbulence.
To this end, the stability of interacting vortices, in the presence of vortical layers attached to the walls, was investigated by Dimopoulos and Pelekasis (2012) and was seen to rapidly lose stability via a time-dependent hydrodynamic process. The associated mechanism was mainly attributed to an elliptic instability (Tsai and Widnall 1976, Fukumoto and Hirota 2008) as a result of the strength and eccentricity of the interacting vortices or, as Ha increases and the strength of the wall vortical layers increases, to a shear layer instability. Thermal interaction between nearby vortices that carry hot rising fluid was examined by Gershuni and Zhukovitskii (1982) in the context of the two-layer Rayleigh-Bénard problem, who also showed that standing or traveling wave instabilities may arise, depending on the relative arrangement of the vortices. All the above elements are present in the flow arrangement that arises at criticality in the present study and they are expected to play a role in the post-critical regime as Gr increases for fixed Hartmann. Furthermore, as the above instabilities introduce three dimensionality to the system, the validity of the assumption of quasi two dimensionality of the flow needs to be reexamined as well as its role in the transition to turbulence, when strong magnetic fields are present. A full nonlinear analysis is, of course, necessary in order to assess the relative importance of the effects discussed above, as well as the relevance of secondary hydrodynamic instabilities in establishing a flow arrangement that will conform with the quasi 2D structure.
